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Abstract—Dual-function radar-communication (DFRC) sys-
tems enable information embedding into the radar signal emis-
sion. Existing methods for non-coherent phase-modulation DFRC
employ multiple pairs of orthogonal waveforms and embed one
communication symbol into each pair. The total number of
symbols is equal to one-half of the number of waveforms. In
this paper, we propose a new signaling strategy for embedding a
higher number of communication symbols. The proposed method
implements non-coherent phase-shift keying (PSK) by employing
one of the orthogonal waveforms as a common reference and
modulating the information in terms of the phase differences
between all other waveforms and the reference waveform. The
number of communication symbols that can be embedded equals
the total number of waveforms minus one. We introduce two
schemes for achieving a desired phase constellation. The proposed
approach is shown to achieve a two-fold increase in the data rate
compared to existing methods for a large number of waveforms.

I. INTRODUCTION

Dynamic and shared spectrum access is emerging as effec-
tive means for mitigation of frequency congestions [1]–[4]. In
particular, the coexistence of radar and communications has
been the focus of intensive research [5]–[12]. Methods for
spectral sharing between radar and communications include
cooperative sensing and signal sharing [7]. The system concept
of dual-function radar-communications (DFRC) treats commu-
nications as secondary to the primary radar function [13]–
[19]. DFRC systems assign all available resources, e.g., the
entire bandwidth and total transmit power, to the primary radar
function. The secondary communication function is achieved
by embedding signal symbols into the radar emission.

Recently, several techniques have been developed for em-
bedding information into the radar emission, including wave-
form diversity-based method [13], sidelobe amplitude mod-
ulation (AM) method [14], multi-waveform amplitude shift
keying (ASK) method [15], [17], and phase modulation (PM)
method [16]. The waveform diversity technique employs a
dictionary of waveforms, where each waveform represents a
communication symbol, and achieves information embedding
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by radiating one of the waveforms during each radar pulse.
Based on which waveform is radiated and reliably received,
the receiver can decode the corresponding information. The
sidelobe AM method uses time modulated arrays to introduce
variations into the sidelobe levels (SLLs) of the instantaneous
pattern towards the communication direction. Each SLL repre-
sents a specific communications symbol. Motivated by the re-
cent advances in multiple-input multiple-output (MIMO) radar
[20]–[25] and the successful exploitation of simultaneously
transmitting multiple independent radar waveforms, the multi-
waveform amplitude shift-keying (ASK) method [15] embeds
information using bi-level sidelobe control. This technique
enables embedding binary information via each waveform. The
number of bits that can be embedded during each radar pulse
is proportional to the number of orthogonal waveforms being
used.

The essence of PM–based information embedding is to
map the binary data into a phase symbol that belongs to the
phase dictionary of an appropriate size. During each radar
pulse, the method in [16] employs multiple pairs of orthogonal
waveforms, where each pair represents one phase symbol.
At the communication receiver, each embedded symbol is
detected by estimating the phase difference between the sig-
nals associated with the two waveforms in each pair and,
subsequently, deciphering the corresponding binary sequence.
Compared to the AM and multi-waveform ASK methods,
the PM-based method enables information embedding towards
communication receivers located within and outside the main
beam. It was also shown in [16] that the PM-based method
has superior bit error rate (BER) compared to other methods.

In this paper, we develop a new DFRC system where
the same transmit waveforms are used for both functions.
In essence, co-existence is achieved using the same transmit
resources in lieu of using separate signaling schemes. Specif-
ically, a new multi-waveform PSK-based method is proposed
for embedding information into the radar emission. During
each radar pulse, the proposed method embeds 𝐾 communica-
tion symbols, where each symbol represents 𝐿 bits. To realize
this scheme, a total number of 𝐾 + 1 orthogonal waveforms
are transmitted simultaneously. One of the waveforms is taken
as a common reference to all other waveforms, enabling



the formation of 𝐾 waveform pairs. Each communication
symbol is embedded in the phase difference between the two
signal components associated with each waveform pair. The
communication receiver employs a bank of matched filters to
extract the signal components associated with each waveform
and, then proceeds to estimate and decode the embedded
communication symbols. The data rate that can be achieved
is given by the product of the number of communication
symbols per pulse, the number of binary bits per symbol, and
the radar pulse repetition rate. Assuming that 𝐾 is odd, the
method in [16] employs only (𝐾+1)/2 waveform pairs which
can achieve a data rate 𝐿(𝐾 + 1)/2. Therefore, the proposed
method increases the data rate by a factor 𝜂 = 2−2/(𝐾+1),
without affecting the BER performance. Simulation examples
are provided to verify the effectiveness of the developed
method.

The remainder of this paper is organized as follows. The
signal model is described in Sec. II and the proposed infor-
mation embedding scheme is presented in Sec. III. Sec. IV
provides the simulation results and conclusions are drawn in
Sec. V.

II. SIGNAL MODEL

Consider a DFRC system with 𝑀 transmit antennas ar-
ranged as a uniform linear array. It is assumed that appropri-
ately designed transmit beamforming is used to satisfy the pri-
mary radar operation requirements, i.e., to focus the transmit
power within the radar main beam, while keeping the sidelobe
level below a certain value. Let w𝑘(𝜏), 𝑘 = 0, . . . ,𝐾, be
the 𝑀 × 1 transmit beamforming weight vectors used to
simultaneously form 𝐾 + 1 transmit patterns, where 𝜏 is the
pulse index. Although the 𝐾+1 transmit beamforming weight
vectors change from pulse to pulse, during each radar pulse
they are selected from a larger set of weight vectors which
can be designed off-line as described in the next section. The
𝑀 × 1 baseband transmit signal vector during the 𝜏 th radar
pulse is modeled as

s(𝑡; 𝜏) =
𝐾∑

𝑘=0

w∗
𝑘(𝜏)𝜓𝑘(𝑡), (1)

where 𝑡 is the fast time index, (⋅)∗ stands for the complex
conjugate, and 𝜓0(𝑡), 𝜓1(𝑡), . . . , 𝜓𝐾(𝑡) are 𝐾 + 1 radar
waveforms. It is assumed that each waveform is normalized
to have unit power, i.e.

∫
𝑇𝑝

∣𝜓𝑘(𝑡)∣2𝑑𝑡=1 for 𝑘 = 0, . . . ,𝐾,
where 𝑇𝑝 is the radar pulse duration. It is further assumed that
the orthogonality condition∫

𝑇𝑝

𝜓𝑘(𝑡)𝜓
∗
𝑗 (𝑡)𝑑𝑡=0, 𝑘 ∕= 𝑗, 𝑘, 𝑗 = 0, . . . ,𝐾, (2)

is satisfied. It is worth noting that the radar operation repre-
sents the primary function of the DFRC system, the spectral
contents of all waveforms overlap in the frequency domain
occupying the entire bandwidth of the joint system. Since the
transmit waveforms, according to Equation (1), is a weighted
sum of the orthogonal waveforms, the desired waveform prop-
erties of 𝜓𝑘(𝑡), 𝑘 = 0, . . . ,𝐾, do not necessarily map to that

of s(𝑡; 𝜏). As such, constant modulus or low peak to average
power ratio of s(𝑡; 𝜏) must be eventually sought out in the final
consideration of the proposed system. Note that, in practice,
perfectly orthogonal coded waveforms cannot be achieved and,
therefore, waveforms with low cross-correlations should be
used. The problem of waveform design with desirable low
cross-correlation properties has been extensively investigated
in the literature (see [26]–[28], and references therein). How-
ever, the problem of waveform design is out of the scope of
this paper.

Assume that a single-element communication receiver is
located in direction 𝜃𝑐. The baseband signal at the output of
the communication receiver can be expressed as

𝑟(𝑡; 𝜏) = 𝛼ch(𝜏)a
𝑇 (𝜃𝑐)s(𝑡; 𝜏) + 𝑛(𝑡; 𝜏), (3)

where 𝛼ch(𝜏) is the channel coefficient of the received signal
which summarizes the channel gain between the transmit array
and the communication receiver during the 𝜏 th pulse, a(𝜃𝑐)
is the 𝑀 × 1 steering vector of the transmit array toward the
spatial angle 𝜃𝑐, (⋅)𝑇 stands for the transpose operation, and
𝑛(𝑡; 𝜏) is the additive white Gaussian noise with zero mean
and variance 𝜎2

𝑛. Based on the signaling strategies used to
construct the transmit signal vector s(𝑡; 𝜏), communication
symbols can be embedded into the radar emission. In the
next section, we propose an efficient signaling strategy for
simultaneously embedding multiple phase symbols during
each radar pulse.

III. PROPOSED MULTI-WAVEFORM PSK BASED

INFORMATION EMBEDDING

Let us consider 𝜓0(𝑡) as a common reference to all other
waveforms by using the same weight vector w0 instead of
w0(𝜏) for all radar pulses. Then, substituting (1) in (3), the
communication receiver output signal is rewritten as

𝑟(𝑡; 𝜏) = 𝛼ch(𝜏)

(
w𝐻

0 a(𝜃𝑐)𝜓0(𝑡)

+

𝐾∑
𝑘=1

w𝐻
𝑘 (𝜏)a(𝜃𝑐)𝜓𝑘(𝑡)

)
+ 𝑛(𝑡; 𝜏)

= 𝛼ch(𝜏)

(
𝐺0𝜓0(𝑡)+

𝐾∑
𝑘=0

𝐺𝑘(𝜏)𝜓𝑘(𝑡)

)
+𝑛(𝑡; 𝜏),(4)

where (⋅)𝐻 is the Hermitian operation, 𝐺0 ≜ w𝐻
0 a(𝜃𝑐) and

𝐺𝑘(𝜏) ≜ w𝐻
𝑘 (𝜏)a(𝜃𝑐), 𝑘 = 1, . . . ,𝐾, are the complex

transmit gains towards the communication direction 𝜃𝑐 during
the 𝜏 th radar pulse. Making use of the special structure of (4),
a set of 𝐾 phase rotations can be defined as follows

𝜙𝑘(𝜏) = angle

(
𝐺𝑘(𝜏)

𝐺0

)
, 𝑘 = 1, . . . ,𝐾, (5)

where angle(⋅) is the phase angle of a complex number,
measured in radians. A number of 𝐾 communication symbols
can be embedded in each radar pulse via modulating the phase
rotations given by (5), i.e., each phase rotation 𝜙𝑘(𝜏) can be
selected from a pre-specified discrete phase constellation. The



following two subsections present a method for constellation
realization using beamformer design and the proposed signal-
ing strategy for embedding information at the transmitter and
reliably detecting it at the receiver.

A. Phase Constellation Realization via Beamformer Design

Let Ω = {Ω1, . . . ,Ω2𝐿} be a desired constellation of 2𝐿

phase symbols which can be chosen from the interval [0, 2𝜋]
using a uniform or non-uniform grid. Each symbol represents
𝐿 bits of binary information. Assume that the beamforming
weight vector w0 associated with the reference waveform
𝜓0(𝑡) is already designed1 and let us denote this vector as the
principal weight vector. Consider a bank of 2𝐿 weight vectors,
denoted as u1, . . . ,u2𝐿 , such that the transmit radiation pattern
associated with each of these vectors is the same as that of the
principal weight vector except for some phase rotation towards
the intended communication direction. The phase constellation
Ω can be realized by taking the phase symbols as

Ωℓ = angle

(
u𝐻
ℓ a(𝜃𝑐)

𝐺0

)
, ℓ = 1, . . . , 2𝐿. (6)

Given the principal weight vector w0, the weight vectors
u1, . . . ,u2𝐿 , which satisfy (6), can be designed using one of
the following two methods.

1) Convex Optimization Based Design: One way to design
uℓ such that it has the same pattern as that of w0 while
satisfying (6) is by minimizing the norm of the difference
between the two weight vectors, i.e., by minimizing the
deviation of uℓ from w0 while enforcing one linear constraint
to satisfy the phase requirements. This can be formulated as
the following optimization problem

min
uℓ

∥∥∥w0 − uℓ

∥∥∥ subject to u𝐻
ℓ a(𝜃𝑐) = 𝐺0𝑒

−𝑗Ωℓ . (7)

The optimization problem (7) is convex and, therefore, can
be efficiently solved using the interior point methods [30].
Another advantage to this convex optimization based design is
that the desired phase rotations (6) are satisfied with equality.
However, the obtained solutions yield transmit weight vectors
with very similar, but not identical, patterns to that of w0.

2) Transmit Radiation Pattern Invariance Based Design:
Following the guidelines in [29], the 𝑀 × 1 principal weight
vector w0 can be used to generate a population of 2𝑀−1

weight vectors of the same dimensionality, all having the same
transmit power radiation pattern as that of w0. Let us denote
the aforementioned population as Vpop = {v1, . . . ,v2𝑀−1}.
The required beamforming weight vectors u1, . . . ,u2𝐿 can
be selected from Vpop while trying to satisfy the phase
requirements in (6). Here, we propose to select the desired
weight vector according to the following criterion

min
w0,u1,...,u2𝐿

2𝐿∑
ℓ=1

∣∣∣∣Ωℓ − angle

(
u𝐻
ℓ a(𝜃𝑐)

𝐺0

)∣∣∣∣
subject to {w0,u1, . . . ,u2𝐿} ∈ Vpop. (8)

1A variety of methods can be used from the literature to design a transmit
beamforming weight vector that satisfies the requirements dictated by the
radar function (see [29] and references therein).

The formulation (8) is non-convex and, therefore, is difficult to
solve in a computationally efficient manner. We use exhaustive
search to select the best weight vector combination. It is
worth noting that the principal weight vector is also selected
jointly with u1, . . . ,u2𝐿 to makes sure that the closest phase
constellation to the desired one is achieved. However, the
replacement of the principal weight vector with another vector
from Vpop does not change the transmit radiation pattern.
Note that for a small sized constellation, i.e., for small 𝐿,
it is easy to satisfy (6) by solving (8). However, as 𝐿
becomes larger, the computational complexity associated with
performing exhaustive search to solve (8) grows exponentially.

B. Proposed Information Embedding Strategy

Let {𝑏1(𝜏), . . . , 𝑏𝐿𝐾(𝜏)} be a binary sequence of length
𝐾𝐿 bits that needs to be embedded during the 𝜏 th radar
pulse. The sequence is then partitioned into 𝐾 segments of
𝐿 bits each, i.e., the 𝑘th segment contains the binary bits
𝑏(𝑘−1)𝐿+1, . . . , 𝑏𝑘𝐿. Each segment is mapped into the corre-
sponding communication symbol. Let us define the indices

𝐼𝑘(𝜏) = 𝒟(𝑏(𝑘−1)𝐿+1, . . . , 𝑏𝑘𝐿), 𝑘 = 1, . . . ,𝐾, (9)

where 𝒟 is the operator that maps a set of binary bits into the
corresponding integer 𝐼𝑘(𝜏), which ranges between 0 and 2𝐿−
1. During the 𝜏 th radar pulse, the indices 𝐼1(𝜏), . . . , 𝐼𝐾(𝜏)
are used to determine the 𝐾 phase symbols from the phase
constellation that need to be embedded and the corresponding
transmit weight vectors. Therefore, the signal model (4) can
be rewritten as

𝑟(𝑡; 𝜏) = 𝛼ch(𝜏)

(
w𝐻

0 a(𝜃𝑐)𝜓0(𝑡)

+
𝐾∑

𝑘=1

e𝑇𝑘 (𝜏)U
𝐻a(𝜃𝑐)𝜓𝑘(𝑡)

)
+ 𝑛(𝑡; 𝜏), (10)

where U ≜ [u1, . . . ,u2𝐿 ], and e𝑘(𝜏) is the 2𝐿 × 1 vector of
all zeros except for the (𝐼𝑘(𝜏) + 1)th entry which equals one.

Matched filtering the received data in (10) to 𝜓0(𝑡) yields

𝑦0(𝜏) = 𝛼ch(𝜏)w
𝐻
0 a(𝜃𝑐) + �̃�0(𝜏), (11)

where �̃�0(𝜏) is the noise at the output of the matched filter
whose variance is the same as that of 𝑛(𝑡; 𝜏). Similarly,
matched filtering the received data in (10) to each of the other
𝐾 transmitted orthogonal waveforms yields the virtual data
sets 𝑦𝑘(𝜏), 𝑘 = 1, . . . ,𝐾, expressed as

𝑦𝑘(𝜏) = 𝛼ch(𝜏)e
𝑇
𝑘 (𝜏)U

𝐻a(𝜃𝑐) + �̃�𝑘(𝜏), 𝑘 = 1, . . . ,𝐾,
(12)

where �̃�𝑘(𝜏) is the noise at the output of the 𝑘th matched filter
with variance 𝜎2

𝑛. To detect the embedded communication
symbols, the receiver estimates the phase difference between
each of the virtual received signals in (12) and the reference
signal in (11), that is

𝜙𝑘(𝜏) = angle

(
𝑦𝑘(𝜏)

𝑦0(𝜏)

)
, 𝑘 = 1, . . . ,𝐾. (13)
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Fig. 1. Transmit power distribution versus spatial angle.

Fig. 2. Phase-rotation distribution versus spatial angle for a population of
212 and phase constellations for 𝐿 = 1, 2, and 4.

The receiver then proceeds to map the estimated phase dif-
ferences into the corresponding binary format to retrieve the
binary sequence.

IV. SIMULATION RESULTS

In the simulation, we consider a uniform linear transmit
array consisting of 𝑀 = 25 antennas spaced one-half wave-
length apart. We assume that the main radar operation takes
place within the sector Θ = [10∘ 20∘]. Three examples are
considered. In the first example, we investigate the ability
to design the principal weight vector that yields a certain
beampattern and use it to build the desired constellations. In
the second and third examples, we use the designed weight
vector and the obtained constellations to test and analyze
the performance of the proposed technique for information
embedding towards the receivers located in the sidelobe and
the main beam, respectively.

Example 1: Beampattern Synthesis and Phase Constellation
Realization

We design the principal transmit beamforming weight vector
w0 by solving the following optimization problem

min
w0

max
𝜃

∣∣∣∣w𝐻
0 a(𝜃)∣ − 1

∣∣∣, 𝜃 ∈ Θ (14)

s.t.
∣∣w𝐻

0 a(𝜃)
∣∣2 ≤ 𝜀, 𝜃 ∈ Θ̄, (15)∣∣w𝐻

0 a(𝜃𝑐)
∣∣2 = 𝜀, (16)

where Θ̄ represents the out-of-sector region. We set 𝜀 = 10−3

because it is assumed that the radar operation requires the
power level emitted in the sidelobe areas to be at least 30 dB
lower than the mainlobe. A single communication direction
towards the spatial direction 𝜃𝑐 = −40∘ is assumed. Note that
the constraint (16) is needed only when the communication
direction is located in the sidelobe region. Fig. 1 shows the
transmit beampattern obtained by solving the optimization
problem (14)–(16). It is clear from the figure that the sidelobe
attenuation with respect to the main beam is larger than 30 dB
for all directions within the out-of-sector region. The figure
also shows that the SLL towards the communication direction
attains the maximum value allowable to ensure that the com-
munication receiver receives the highest possible power within
the sidelobe of the radar.

Following the guidelines in [29], a polynomial of order 24
whose coefficients are given by the entries of the principal
weight vector is constructed and its 24 roots are calculated.
This number of roots enables the generation of a population
of 224 weight vectors which have exactly the same transmit
power patterns as that of the principal weight vector. In this
simulation, we select 12 roots and use them to generate Vpop

of 212 weight vectors. Using the generated population of
vectors, (8) is solved three times for 𝐿 = 4, 𝐿 = 2, and
𝐿 = 1 in order to generate phase constellations of 16, 4,
and 2 symbols, respectively. Fig. 2 shows all possible phase
rotations associated with these vectors in the population Vpop.
The figure also depicts the three different phase constellations
obtained by solving (8). It can be observed from the figure that
the generated phase constellations are uniformly distributed on
the unit circle, i.e., within the [0, 2𝜋] domain.

Example 2: Communications Performance within Sidelobe
Region

In the second example, we investigate the performance of
the proposed multi-waveform PSK method in terms of the
BER. The performance of the proposed method is compared
with the techniques proposed in [15] and [16]. We assume
that the average transmit power from each transmit antenna
is normalized to 1, i.e., total transmit power is fixed to
𝑃total = 𝑀 . For every method considered, the total transmit
power is divided evenly among the number of waveforms used.
For the method of [15], two transmit beamforming weight
vectors with the same beampattern within the main radar beam
and different SLLs towards the communications direction are
used. In addition, 8 waveforms are used to embed 8 bits
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Fig. 3. BER versus SNR; second example.
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Fig. 4. BER versus spatial angle of the communication receiver; second
example.

of information per pulse. For the method of [16] and the
proposed method, the three phase constellations obtained from
the previous example along with the associated weight vectors
are used. For the case of 𝐿 = 1, i.e., constellation of 2 phase
symbols, the method of [16] employs 8 waveform pairs (16
waveforms) to embed 8 bits of information per pulse. Using
the same number of waveforms, the proposed method employs
one waveform as a reference and utilizes the remaining 15
waveforms to embed 15 bits of information per pulse. For the
case of 𝐿 = 2, the constellation contains 4 phase symbols,
i.e., 2 bits per symbol. The method of [16] employs 4 pairs
of waveforms to embed 8 bits of information per pulse. The
proposed method, using the same number of 8 waveforms,
employs one waveform as a reference and embeds 14 bits of
information per pulse via the other 7 waveforms. The last case
of 𝐿 = 4 corresponds to a phase constellation of 16 phase

symbols, i.e., it enables embedding 4 bits of information per
symbol. The method of [16] uses 2 pairs of waveforms to
embed 8 bits of information per pulse while the proposed
method uses 4 waveforms and embeds 12 bits per pulse, i.e.,
4 bits per waveform after reserving one of the waveforms as
a reference.

To compute the BER, 106 pulses are considered, i.e., the
process of information embedding is repeated independently
for 106 times. The propagation coefficient 𝛼𝑐 is modeled as a
random variable with unit magnitude and uniformly distributed
random phase. Fig. 3 shows the BERs for the three methods
tested versus the signal-to-noise ratio (SNR). The figure shows
that the BER curves for the proposed method coincide with the
BER curves for the method of [16] for the three constellations
used. This was expected because both methods use the same
number of waveforms and assign the same amount of power
to each waveforms. However, the proposed method achieves
a higher data rate as compared to the method of [16] due to
the novel structure of the transmit signaling used to embed the
information. The figure also shows the BER for the sidelobe
ASK method of [15] which exploits a constellation of two
amplitude symbols. It can be seen from the figure that the
BER performances for the proposed PSK based method and
the PM based method of [16] using a constellation of two
phase symbols are superior to the BER for the sidelobe ASK
method.

Example 3: Communications Within Main Radar Beam

In the last example, we simulate the case of radar-embedded
communications toward a receiver located within the main
beam of the radar. The communication receiver is assumed to
be located in the direction 𝜃𝑐 = 17∘. The sidelobe ASK func-
tions within the sidelobe region only. However, we include it in
the comparison in this example to show that a communications
receiver located in the main radar beam cannot detect/decode
a sidelobe ASK based radar-embedded message. The proposed
PSK based method as well as the method of [16] enable
communications within the main beam with higher accuracy
due to the high transmit power gain within the main beam.
Fig. 4 depicts the BER versus the SNR for all methods. As
expected, it can be observed from the figure that the sidelobe
ASK method of [15] fails to decode any message in the main
beam region. It can also be confirmed from the figure that
the BER curves for the proposed PSK based method and the
method of [16] mirror the corresponding curves in Fig. 3 but
at a much lower SNR. The improvement in SNR is attributed
to the high gain within the main radar beam. This enables the
use of PSK based methods to deliver information towards a
communication receiver located at much longer ranges from
the transmitter when they are spatially positioned within the
main beam of the radar.

V. CONCLUSION

A new multi-waveform PSK based approach for dual-
function radar-communication system has been developed. In
this approach, a sequence of 𝐿𝐾 bits of information per



radar pulse can be delivered and requires 𝐾 + 1 orthogonal
waveforms, each is used to embed 𝐿 bits of information.
Compared with previous PM based methods, the proposed
method enables an increase in the data rate by a factor of
2 − 2

𝐾+1 . For large values of 𝐾, the achieved data rate is
almost twice that of existing methods. Simulation examples
were carried out to validate the effectiveness of the proposed
approach.
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